For square-free N ≡ 3 mod 8 and N coprime to 3, I show how to reduce the singular value k N to radicals, using a novel pair [f, g] of real numbers that are algebraic integers of the Hilbert class field of Q( √ −N ). One is a class invariant of modular level 48, with a growth
Introduction
The N th singular value [29, 4] is the algebraic number k N ∈ [0, 1] for which
where the arithmetic-geometric mean (AGM) is obtained by iterating the rapidly convergent process [7] AGM(a, b) = AGM (a + b)/2, √ ab . For square-free N ≡ 3 mod 8, with N coprime to 3,
is determined by an algebraic number r > 2 1 4 that is given by a Weber function [30, 1, 33, 16, 21, 26] and has a minimal polynomial of degree 3h, where h = h(−N ) is the class number of the imaginary quadratic field Q( √ −N). For square-free N ≡ 3 mod 4, the complete elliptic integral
is reducible to the Γ values [13, 27, 34] in
with exponents given by the Legendre-Jacobi-Kronecker symbol −N k . For N > 3, this reduction takes the form
where λ > 0 is an algebraic number. As noted in [13, Eq. 8] , λ = 1 when h(−N ) = 1. Moreover, I conjecture in this paper that λ is an algebraic unit of the Hilbert class field when h(−N ) is odd, i.e. for prime N > 3 congruent to 3 modulo 4. I shall describe how r and λ were reduced to radicals in the case N = 2317723, with class number h(−N ) = 105. To achieve this reduction, I construct, in Section 4.2, a pair of class invariants, one of which appears to outperform the quadhilbert procedure of Pari-GP, in regard of the economy with which it generates the class field. for square-free N ≡ 3 mod 4 and N > 3. For other cases, including non-fundamental discriminants, see [17] . In (7), the product runs over the strict equivalence classes [a, b, c] of primitive integral binary quadratic forms ax 2 +bxy +cy 2 with discriminant b 2 −4ac = −N . These equivalence classes form an Abelian group H, by Gauss's composition of quadratic forms, and the order of H is the class number h = h(−N ). It is remarked in [18] that publication of this striking formula was delayed for 18 years, between its discovery at the time of the Chowla-Selberg paper [13] of 1949 and its appearance in the Selberg-Chowla paper [27] of 1967. For precursors of this formula, see [23] . 2. For each of these cases, the minimal polynomial L(x) of λ is available 1 in a file lambdaCS.txt which is read by lambdaCS.gp with output in lambdaCS.out that confirms, at a precision of 15,000 digits, that L(λ) = 0 and that L generates the same field as the quadhilbert procedure of Pari-GP.
Chowla-Selberg formula

A conjecture for prime discriminants
3. In each of these cases, L(x) is a monic polynomial with L(0) = −1 and hence λ is a unit of the class field.
4. For N = 2317723, the Hilbert class group is cyclic and is generated by the equivalence class [a, b, c] = [151, −91, 3851], with order h(−N ) = 105. In Section 5, I describe how 15,000 digits of λ were used to reduce it to a unit, which was then checked at 40,000 digits of precision.
5. John Zucker and I have investigated some composite discriminants, finding that λ 2 is a unit when N is a product of distinct primes greater than 3. I have verified this for squarefree N < 2000 with N ≡ 3 mod 4 and coprime to 3. I have not yet found a simple criterion that determines why N = 7 × 11 × 13 × 19 = 19019 yields λ as a unit, while for N = 7 × 11 × 23 = 1771 one must take λ 2 to form a unit.
Hilbert class field
The Hilbert class field of Q( √ −N) is generated by the polynomial [14, Th. 7.2.14]
where
As shown in [30, Sect. 125, p . 461], a real root of P (x) is supplied by 256 r 16 − r
For N = 2317723, P (x) is a polynomial of degree 105, whose integer coefficients have up to 3050 decimal digits, making it rather difficult to reduce its roots to a set of simple radicals. Fortunately, we do not need to use P (x). A more convenient polynomial that generates the same number field will serve our purpose. Using a class invariant defined in Section 4.2, I found that the Hilbert class field of Q( √ −2317723) is generated by a compositum of three polynomials that generate its sub-fields of prime degree, namely
where Q p has discriminant
with an index f p . The indices
fortunately contain no prime greater than 61.
An efficient pair of class invariants
The algebraic number r in (2) is the real root of a monic cubic polynomial with coefficients in the Hilbert class field. These coefficients are algebraically constrained by the condition that [30] 
generates the Hilbert class field, while the minimal polynomial for r has degree 3h and generates a cubic relative extension. For each of the 198 primes congruent to 3 modulo 8 and less than 6000, I found that the cubic relative extension takes the form [9] 
where f and g are algebraic integers of the Hilbert class field. I then found that these algebraic integers obey the constraint
which indeed ensures that r does not appear in (20) as may be confirmed by using (18) to eliminate powers r j with j ≥ 3 from (17) and then using (19) to eliminate powers g k with k ≥ 8. A particularly simple example [30, 
with signs S j = ±1. By conjecture, precisely one of the 8 choices of signs gives an algebraic integer of the Hilbert class field of Q( √ −N). If we know this signature, the problem of identifying k N as an algebraic number becomes much more tractable than previously supposed, since instead of having to find an integer relation between 3h + 1 numbers, namely r and an integral basis for a cubic relative extension of the Hilbert class field, we now need a pair of relations between merely h + 2 numbers, namely [f, g] and an integral basis for the Hilbert class field itself. At large N , the coefficients in the minimal polynomial of g = O( √ r) have, typically, 48 times fewer digits than those in the Hilbert polynomial (9) .
I determined the signatures of the 198 primes N ≡ 3 mod 8 with N < 6000 by trial and error, using the lindep procedure of Pari-GP to search for a integer relation between the unique real embedding of the integral basis nfinit(quadhilbert(-N)).zk and numerical evaluations of (22) which led me to conjecture, as these 8 lists were slowly growing, that the signature of a prime congruent to 3 modulo 8 is uniquely determined by its residue modulo 64, as indeed turned out to be the case for the rest of the sample of 198 primes.
I then checked that this is also the case for all the composite integers less than 3500 that are congruent to 3 modulo 8 and coprime to 3, using the nfisisom routine of Pari-GP in situations for which quadhilbert did not furnish a polynomial with a real root. (I thank Karim Belabas for this workaround.)
Thus, for each square-free positive integer N that is congruent to 3 modulo 8 and is coprime to 3 (and also for N = 3 itself) there appears to be a unique signature [S 1 , S 2 , S 3 ], determined by the residue of N modulo 64, such that (22) yields an algebraic integer of the class field.
Construction and conjecture modulo 64
For positive integer N congruent to 3 modulo 8, I define a signature (23) and a pair of algebraic numbers
where r = exp(−πi/24)
Conjecture 2: For every square-free positive integer N congruent to 3 modulo 8 and coprime to 3, the Hilbert class field of Q( √ −N) is generated by at least one of [f, g] and for N > 1099 it is generated by both.
Remarks:
1. I have checked that the minimal polynomials of f = f (N ) and g = g(N ) have degree h = h(−N ) for all of the cases in Conjecture 2 with 1099 < N < 100000.
2. There are 7 cases with N ≤ 1099 in which only one of [f, g] generates the Hilbert class field, while the other generates a sub-field.
3. Five of these yield the integers f (83) = 1, f (91) = 1, g(331) = −1, g(427) = 1, g(907) = −2 and were noted in [24] , with three cases appearing in [33, Table 5 ].
4. For N = 715, with h = 4, the minimal polynomial of g is x 2 + x − 1.
5. For N = 1099, with h = 6, it is x 3 + x 2 − x + 6.
6. In the cases N = 11, 19, 43, 67, 163, with
, all of which were noted in [30, Table VI ].
7. Apart from the 10 cases noted above, no other value of N < 1000000 produces an integer. (The integers f (3) = g(3) = f (27) = 0 do not fall within Conjecture 2.)
8. For N < 3500, I have verified that whenever the minimal polynomial of f or g has degree h the field which it generates is isomorphic to that generated by the quadhilbert procedure of Pari-GP. 9. I have performed the same tests for prime N < 6000. 10 . At large N , the minimal polynomial of g provides a rather economical generator of the field. For N = 2317723, it may be computed in less than 100 milliseconds and has a height less than the cube root of the height of the quadhilbert polynomial.
Minimal polynomials
The algebraic numbers f and g are, by construction, roots of the polynomials
where r j,k is a labelling of the roots of the minimal polynomial of r such that
with γ 2 (r) = 256/r 16 − r 8 . Conjecture 2 asserts, inter alia, that at least one of these polynomials is irreducible and generates the Hilbert class field.
To compute the polynomials, we may use Reinier Bröker's fine formula [11, Th. 6 
if c is even
otherwise (30) where I have written the Weber functions as explicit eta quotients. I remark that R(1, 0, N ) = r determines the N th singular value (2) and that at least one of [a, c] is odd, since b is even. When the class group for discriminant −4N is generated cyclicly, by a single class with order 3h, there is a very simple procedure to generate the roots with a labelling that respects the condition (29): we may compute r j,k by applying (30) to the reduced form obtained by raising the generator to the power j + (k − 1)h. If there are sub-groups, a little book-keeping is required to ensure that the roots are slotted into (27, 28) in a manner that respects condition (29) . I ordered the roots by size of the real parts of their γ 2 values and then inspected the signs of the imaginary part of γ 2 For N > 1099, the minimal polynomial G is a rather economical generator of the Hilbert class field. In the rather simple example of N = 1571, with h = 17, I obtained 
with [p, q] = [5, 7] , has a 52-digit index, while quadhilbert yields a 60-digit index, using [p, q] = [29, 31] . The economy of G is also reflected in the storage for the integral basis obtained by outputting nfinit(G).zk from Pari-GP, which produces a file of less than 12 kilobytes, while nfinit(quadhilbert(-1571)).zk produces more than 29 kilobytes. This is because large divisors of the index occur in the denominators of the rational elements of the matrix that transforms powers of the root to an integral basis. 
The elliptic integral K 2317723
Inspired by the results in [3, pp. 238-247], obtained by Jon Borwein and John Zucker for elliptic integrals K N with N ≤ 100, my goal was to reduce the elliptic integral K 2317723 to Γ values and the simplest possible radicals, which I took to be those generated by the polynomials Q 7 , Q 5 and Q 3 in (12,13,14) , whose indices in sub-fields of the Hilbert class field contain no prime greater than 61. By contrast, a compositum of these polynomials gave a 7419-digit index.
Nonetheless, I found it convenient to construct, for intermediate purposes, a local integral basis from this compositum and then to use lindep to obtain the coefficients of [f, g, λ] in this basis. The reason is simple: this is a triplet of algebraic integers, so by using an integral basis we ensure that no large denominator may leak into the Q-linear relations and thereby inflate the typical size of numerators in rational coefficients.
Hence the results were, in the first instance, in terms of a rather unwieldy (yet computationally effective) integral basis, occupying 74 Megabytes of disk space. However, it was possible to shrink this data set, very dramatically.
Reduction to monomials
Next, I transformed [f, g, λ] from the integral basis to the 105 monomials x i y j z k , with i < 7, j < 5 and k < 3, where x, y and z are the unique real roots of Q 7 (x) = 0, Q 5 (y) = 0 and Q 3 (z) = 0. Then Pari-GP found that the content of g is 1/C, where
has 25 digits. The resulting compact integer data for the vector V = [f, g, λ] is available (see the first footnote) in the form of a 32-kilobyte file K2317723.txt that achieves a 2300-fold compression of the data from the integral basis. I remark that my intermediate use of an integral basis had the merit of reducing the working precision required for the reduction of λ to radicals by roughly 2,500 decimal digits, i.e. by about 25 digits per term in the reduction of the unit λ to an integral basis of the class field.
It seemed to me to be beyond reasonable expectation that Pari-GP might determine a system of fundamental units for the class field of Q( √ −N ) with N = 2317723. Hence I used only nfinit at N = 2317723, while the more time-consuming procedure bnfinit was used to good effect for N < 6000.
Solution of sub-fields by radicals
To complete the reduction to simple radicals, I needed to determine the real roots of the equations Q 7 (x) = 0, Q 5 (y) = 0, Q 3 (z) = 0 and then, from f and g, the real root r of the cubic (18) . It is elementary to solve a cubic by radicals. In particular, 
for n = 1 . . . 6, using 6 cos(π/7) = 1 + −7 + 7 √ −27 2
and then
is the unique real root of Q 7 (x) = 0. The algebraic integers in u n and v n were found at 38-digit precision, using the method outlined in [20, Chap. 3.1] and there exemplified by the quintic that generates the Hilbert class field of Q( √ −47). As remarked in [6, that quintic was solved by G.P. Young [32] in 1888. For G.N. Watson's comments on Young, see [5] . For J.M. Whittaker's comments on Watson, see [31] . For the inspirational role of Srinivasa Ramanujan, see [4] .
Numerical checks
At no stage in the reduction of [f, g, λ] to such simple radicals was it necessary to use a working precision above 15,000 digits. The results were then checked at a precision of 40,000 digits. For the singular value, that is very easy, since we need only take seventh, fifth, cube and square roots and check the relation between a pair AGMs in (1) . To check the elliptic integral, I evaluated the Chowla-Selberg formula (7) at a precision of 40,000 digits. As a final check that no stray factor had been overlooked in going from the Γ values in (4) to the η values in (7), I evaluated 2,317,723 values of the Γ function, at 38-digit precision, and combined them with the Kronecker symbol, obtaining agreement with (5). The checking programme K2317723.gp and its output K2317723.out are in the same directory as the monomial coefficients, with a URL given in the first footnote.
Comments and conclusion
As announced in [9, 10] , I had earlier reduced the elliptic integrals K 34483 and K 1242763 to algebraic numbers and Γ values, following the identification of elliptic integrals at singular values in quantum field theory [2, 8] . However, that was done more labouriously, without benefit of the novel construction in (23) (24) (25) (26) .
The discoveries reported here stemmed from my persistent belief that (notwithstanding well-intentioned advice to the contrary) the problem of a polynomial with degree 3h, for singular values k N with N ≡ 3 mod 8, ought (at bottom) to be no more difficult than the problem with degree h, for N ≡ 7 mod 8.
It was thus rather gratifying to discover that 3 mod 8 is, in fact, far preferable to 7 mod 8. In particular, I remark that:
1. The polynomial G in (28) generates the Hilbert class field with great (perhaps unprecedented) economy for large N ≡ 3 mod 8 and coprime to 3, since it is precisely the trebling of roots of the Weber polynomial that allowed me to combine their reciprocals, three at a time. Thus we may avoid the large-N growth of r = exp(π √ N /24) + o(1), using a level-48 class invariant with growth
where the asymptotic prefactor
is given by the signature (23) as 
with
obtained from (26) in the limit r → ∞.
2. I find it notable that a novel solution to a problem relating to elliptic integrals was suggested, almost by accident, by typing merely 3 primes into Neil Sloane's wonderful search engine for integer sequences [28] , which shrewdly informed me of a common residue.
3. The challenge of increasing the value N , of a square-free number for which the complete elliptic integral K N has been successfully reduced to explicit radicals and Γ values, is now seen to be far easier for N ≡ 3 mod 8 than for N ≡ 7 mod 8, since the minimum value of h(−N ) accessible using the residue 3 mod 8 is approximately 3 times smaller than that for 7 mod 8, for comparable N .
4. The cause is clear: we know the result for the sum of Kronecker symbols in [14, Cor. 5.3.13 ]
and have very little reason to expect the left-hand side of this equation to favour one residue of N over another, on average.
5. Indeed it does not. The smallest known odd class number h(−N ) for N > 2100000 and N ≡ 3 mod 8 is h(−2317723) = 105, while the smallest for N ≡ 7 mod 8 is h(−2140807) = 309. As expected, from the right-hand side of (44), the latter is close to 3 times former. It might have been thought, heretofore, that what we gained on Kronecker's swings, by choosing 3 mod 8, would be lost on Weber's roundabouts so to speak 2 , where we are confronted by a Weber polynomial with degree 3h for the residue 3 mod 8.
6. However, I have demonstrated that nothing is lost, thanks to the construction in (23) (24) (25) (26) which gives a pair of class invariants, both of whose minimal polynomials have (conjecturally) degree h for all square-free N > 1099 with N ≡ 3 mod 8 and N coprime to 3. One of these appears to outperform the double eta-quotient method.
7. It is understandable why the residue 3 modulo 8 was discarded [1, Sect. 7.2.2, p. 46] in the early days of elliptic curve primality proving: the factor 3 in the degree 3h of the Weber polynomial appeared to be a considerable hindrance. Yet it is, in reality, a great help in generating the class field of degree h, with true economy.
8. For N = 9760387 ≡ 3 mod 8, mentioned in an update [22, Table 3 ] on progress [12] with elliptic curve primality proving, the minimal polynomial G of the level-48 class invariant g in (24) has a height whose logarithm is less than 37% of the logarithmic height generated by the double eta-quotient used in Pari-GP. Moreover, the far simpler polynomial G was generated by (30) in less than 60% of the time taken by quadhilbert(-9760387) in Pari-GP.
9. After completing this work, I found that the cubic relative extension (18) had been analyzed in [24, 29, 33] in cases with class number h(−N ) ≤ 5.
I conclude by remarking that negative discriminants D = −N with N ≡ 3 mod 8 have recently been used to good effect in the construction of elliptic curves of prime order [11] as well as in elliptic curve primality proving [19, 22] . It may be that the class invariants [f, g] constructed in (24) have something to offer researchers in these and other fields. To that end, I append a polynomial, derived from (19, 20) , that relates g to the j-invariant.
Appendix
With J = j((1 + √ −N)/2) and [f, g] defined in (24) 
